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a b s t r a c t
We consider the magnetohydrodynamic (MHD) flow which is laminar, steady and
incompressible, of a viscous and electrically conducting fluid on the half plane (y ≥ 0).
The boundary y = 0 is partly insulated and partly perfectly conducting. An external
circuit is connected so that current enters the fluid at discontinuity points through external
circuits andmoves up on the plane. The flow is driven by the interaction of imposed electric
currents and a uniform, transverse magnetic field applied perpendicular to the wall, y = 0.
The MHD equations are coupled in terms of the velocity and the induced magnetic field.
The boundary element method (BEM) is applied here by using a fundamental solution
which enables treating the MHD equations in coupled form with general wall conditions.
Constant elements are used for the discretization of the boundary y = 0 only since the
boundary integral equation is restricted to this boundary due to the regularity conditions
at infinity. The solution is presented for the values of the Hartmann number up to M =
700 in terms of equivelocity and induced magnetic field contours which show the well-
known characteristics of the MHD flow. Also, the thickness of the parabolic boundary
layer propagating in the field from the discontinuity points in the boundary conditions,
is calculated.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
The effect ofmagnetic field on the laminar flowof an incompressible electrically conducting fluid is an important problem
and has been studied bymany investigators. Applications are found in the casting ofmetals and the growth of semiconductor
crystals or cooling fusion devices. It has also many practical applications in ducts and between parallel plates as MHD
generators, pumps, accelerators and flowmeters.
The external transverse magnetic field induces changes in the velocity profile that result in an increase of the viscosity.
When the flow is laminar, the balance of Lorentz and viscous forces along boundaries perpendicular to the externalmagnetic
field gives rise to Hartmann boundary layers which provide a path for electrical currents. The theoretical stability of
the laminar Hartmann layer has been studied in [7] as both linear and energetic stability analysis. They found a critical
Reynolds number based on theHartmann layer thickness. Later,Moresco andAlboussiere [10] performed aweakly nonlinear
stability analysis considering the Hartmann layer that arises in an electrically conducting flow over an infinite flat surface,
perpendicular to a uniformmagnetic field. It is shown that the Hartmann boundary layer presents instability in the vicinity
of the minimum linear critical Reynolds number. An experimental study of the instability of the Hartmann layer has been
carried out in [11] for showing critical value of the Reynolds number in the transition from laminar to turbulence regime.
Krasnov et al. [6] have applied numerical simulation to investigate instability and transition to turbulence in the flow of an
electrically conducting incompressible fluid between two parallel unbounded insulating walls which are perpendicular to
an external magnetic field. MHD flows in infinite regions have been considered in terms of MHD stability of boundary layers
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along a flat platewith orwithout pressure gradient in [12,15]. In these studies theMHD symmetric or asymmetric stagnation
point flow has been considered ignoring the inducedmagnetic field and solving a nonlinear boundary layer equation for the
velocity component perpendicular to the applied magnetic field.
The purpose of the present paper is to solve theMHD problem over the upper half plane without pressure gradient in the
most general case in which both the velocity and the induced magnetic field have only one component in the z-direction
and are functions of x and y. It may be considered as a MHD flow along a flat plate (y = 0 line) with a transverse external
magnetic field applied perpendicular to the plate. The coupled equations are solved with the boundary element method by
using a fundamental solution which treats the equations in coupled form [1,13]. The use of this fundamental solutionmakes
it possible to obtain the solution for large values of the Hartmann number asM ≤ 700. It is important to increaseM in the
solution procedure since the higher the value ofM means the stronger the appliedmagnetic field. Thus, the behaviour of the
velocity and the that of induced magnetic field are greatly affected and the action takes place in very narrow regions close
to the insulated walls and also inside of narrow parabolas in front of the discontinuity points. The flow is almost stagnant in
front of the conducting portion of the boundary.
The boundary elementmethod is a techniquewhich offers a great advantage to analyse stationary problemswith infinite
domains. Due to the regularity conditions, it is possible to limit the discretization to a finite interval on the x-axis (infinite
flat plate). Applications to potential and transient problems are successfully given in [3,8,9] respectively. In this paper we
extend their ideas to coupledMHD equations on the upper half plane restricting the integral equations only to the y = 0 line
by using the properties of Bessel functions for large arguments. The advantage of the BEM lies in the need of discretization
of only a finite length on the x-axis. In the other domain discretization methods a closed region is assumed with a fictitious
boundary taken far from the x-axis and this closed region is discretizedwith quite a number of elements. The computational
economy makes very attractive the present numerical procedure.
The thickness of the parabolic boundary layer in the region near the discontinuity points is also calculated by directly
using the BEM formulations for the velocity and the induced magnetic field.
2. Basic equations
The MHD flow on the upper half plane of partly insulated and partly conducting x-axis is investigated. We consider the
steady and laminar flow of an incompressible fluid which is driven by the interaction of imposed electric currents and a
uniform, transverse external magnetic field of strength B0 applied perpendicular to the x-axis. There is only one component
of the velocity field Vz(x, y) in the z-direction. All the physical variables and the boundary conditions are functions of x and
y only. The magnetic field takes the form B = (0, B0, Bz(x, y)).
So, the partial differential equations describing such flows are the same as thoseMHDduct flowswhere pressure gradient
is taken as zero [4,14] and they are given in non-dimensionalized form as
∇2V +M ∂B
∂y
= 0
∇2B+M ∂V
∂y
= 0
inΩ (1)
where Ω is the upper half plane. V (x, y) and B(x, y) are the dimensionless velocity and the induced magnetic field,
respectively.M is the Hartmann number defined by
M = B0L0
√
σ/
√
µ
where L0 is the characteristic length, σ and µ are the electrical conductivity and the coefficient of viscosity of the fluid
respectively.
The general form of the boundary conditions which are suitable in practice for the MHD flow in an infinite region can be
expressed as
V (x, 0) = 0 −∞ < x <∞
B(x, 0) = B¯ on ΓI
∂B
∂y
(x, 0) = 0 on ΓC
|V (x, y)| <∞, |B(x, y)| <∞ as x2 + y2 →∞∣∣∣∣∂V∂n
∣∣∣∣ <∞, ∣∣∣∣∂B∂n
∣∣∣∣ <∞ as x2 + y2 →∞∣∣∣∣∂V∂n
∣∣∣∣→ 0, ∣∣∣∣∂B∂n
∣∣∣∣→ 0 as y→∞ in the vicinity of discontinuity points
(2)
where Γ = ΓI +ΓC is the whole x-axis with ΓI ∩ΓC = φ. ΓI and ΓC are the insulated and conducting parts of the boundary
Γ respectively. The points where the conductivity changes abruptly are called discontinuity points and B¯ is a known value.
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3. Boundary element application
The coupled MHD equations (1) are expressed in matrix differential operator form [1]
Lu = f (3)
where
L =
 ∇2 M
∂
∂y
M
∂
∂y
∇2
 , u = [VB
]
, f =
[
0
0
]
. (4)
Weighting Eq. (3) in the Galerkin principle [2] and applying the Divergence theorem and Green’ s second identity, we
obtain∫
Ω
V
(
∇2V ∗ −M ∂B
∗
∂y
)
dΩ +
∫
Ω
B
(
∇2B∗ −M ∂V
∗
∂y
)
dΩ +
∫
Γ
(
V ∗
∂V
∂n
− V ∂V
∗
∂n
)
dΓ
+
∫
Γ
(
B∗
∂B
∂n
− B∂B
∗
∂n
)
dΓ +
∫
Γ
M(V ∗B+ B∗V )nydΓ = 0 (5)
where w =
[
V∗
B∗
]
is the vector weight function, n = (nx, ny) is the outward normal vector on the boundary Γ and ∂∂n
indicates the normal derivative.
To eliminate the region integrals in (5), the fundamental solutions of the equations in the two domain integrals are taken
asw1 =
[
V∗1
B∗1
]
andw2 =
[
V∗2
B∗2
]
and the following integral equations are obtained respectively for the velocity and the induced
magnetic field
−cAVA +
∫
Γ
(
V ∗1
∂V
∂n
− V ∂V
∗
1
∂n
)
dΓ +
∫
Γ
(
B∗1
∂B
∂n
− B∂B
∗
1
∂n
)
dΓ +
∫
Γ
M(V ∗1 B+ B∗1V )nydΓ = 0 (6)
−cABA +
∫
Γ
(
V ∗2
∂V
∂n
− V ∂V
∗
2
∂n
)
dΓ +
∫
Γ
(
B∗2
∂B
∂n
− B∂B
∗
2
∂n
)
dΓ +
∫
Γ
M(V ∗2 B+ B∗2V )nydΓ = 0 (7)
where cA is 1/2 or 1 when the fixed point (source point) A is on the boundary or inside respectively. V ∗1 , B
∗
1 , V
∗
2 , B
∗
2 and their
normal derivatives are given as [1,13]
V ∗1 = B∗2 =
1
2pi
K0
(
Mr
2
)
cosh
(
Mry
2
)
(8)
V ∗2 = B∗1 =
1
2pi
K0
(
Mr
2
)
sinh
(
Mry
2
)
(9)
∂V ∗1
∂n
= ∂B
∗
2
∂n
= M
4pi
(
K0
(
Mr
2
)
sinh
(
Mry
2
)
ny + K1
(
Mr
2
)
cosh
(
Mry
2
)
∂r
∂n
)
(10)
∂V ∗2
∂n
= ∂B
∗
1
∂n
= M
4pi
(
K0
(
Mr
2
)
cosh
(
Mry
2
)
ny + K1
(
Mr
2
)
sinh
(
Mry
2
)
∂r
∂n
)
(11)
where r is the distance from the source point to the field point and is the magnitude of the vector r = (rx, ry), K0 and K1 are
the modified Bessel functions of the second kind of orders zero and one respectively.
Taking into consideration R as the radius of an infinitely distant upper semi-circular boundary Γ∞ with center at the
origin, Eqs. (6) and (7) can be written containing boundary integrals on both Γx and fictitious boundary Γ∞ where Γx is the
diameter of the semi-circle on the x-axis. The boundary integral Eqs. (6) and (7) can be restricted only to the boundary Γx,
if the following condition is obeyed:
lim
R→∞
[∫
Γ∞
(
V ∗
∂V
∂n
− V ∂V
∗
∂n
)
dΓ∞ +
∫
Γ∞
(
B∗
∂B
∂n
− B∂B
∗
∂n
)
dΓ∞ +
∫
Γ∞
M(V ∗B+ B∗V )nydΓ∞
]
= 0 (12)
or when it is rewritten
lim
R→∞
[∫
Γ∞
V ∗
∂V
∂n
dΓ∞ +
∫
Γ∞
B∗
∂B
∂n
dΓ∞ +
∫
Γ∞
(
MB∗ny − ∂V
∗
∂n
)
VdΓ∞ +
∫
Γ∞
(
MV ∗ny − ∂B
∗
∂n
)
BdΓ∞
]
= 0 (13)
where V ∗ and B∗ replace V ∗1 , B
∗
1 and V
∗
2 , B
∗
2 in Eqs. (6) and (7) respectively. This can be seen from the behaviour of V
∗
1 , B
∗
1 , V
∗
2 ,
B∗2 and that of their normal derivatives as R→∞ by the explanation given below.
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The replacement of V ∗1 , B
∗
1 or V
∗
2 , B
∗
2 in Eq. (13) results in the integrals containing the terms
1
2pi K0(
Mr
2 )multiplied by either
cosh(Mry2 ) or sinh(
Mry
2 ), and
1
2pi K1(
Mr
2 )multiplied by either cosh(
Mry
2 )
∂r
∂n or sinh(
Mry
2 )
∂r
∂n as can be seen from Eqs. (8) to (11).
The first two integrals in (13) drop as R→∞ (r →∞) from the behaviour of modified Bessel functions K0 and K1 for large
arguments and the behaviour of exponential function.
1. Considering the first integral in (13)
lim
R→∞
∫
Γ∞
V ∗1
∂V
∂n
dΓ∞ = lim
R→∞
∫
Γ∞
1
2pi
K0
(
Mr
2
)
cosh
(
Mry
2
)
∂V
∂n
dΓ∞
= lim
R→∞
1
2pi
∫
Γ∞
1+ e−Mry
2
e
Mry
2
√
pi
2
e−
Mr
2
√
r
√
M
2
∂V
∂n
dΓ∞
= lim
R→∞
1
4
√
Mpi
∫
Γ∞
(1+ e−Mry)e
−M2 (r−ry)√
r
∂V
∂n
dΓ∞. (14)
If r − ry →∞ the integral drops obviously. If r − ry is bounded, e−M2 (r−ry) is also bounded (except near the y-axis) but
1√
r → 0 uniformly, which leads to the drop of the integral. However, when x approaches zero in a narrow segment around
the y-axis, the integral of the terms e
−M2 (r−ry)√
r has a positive value. But the integral over Γ∞ still drops since
∂V
∂n → 0 as
x→ 0, y→∞. Similarly, the second integral in (13) tends to zero as R→∞.
2. The third integral in (13) can be written as
lim
R→∞
∫
Γ∞
(
MB∗1ny −
∂V ∗1
∂n
)
VdΓ∞ = lim
R→∞
∫
Γ∞
[
M
2pi
K0
(
Mr
2
)
sinh
(
Mry
2
)
ny
− M
4pi
K1
(
Mr
2
)
cosh
(
Mry
2
)( rx
r
nx + ryr ny
)
− M
4pi
K0
(
Mr
2
)
sinh
(
Mry
2
)
ny
]
VdΓ∞
= lim
R→∞
√
M
8
√
pi
∫
Γ∞
[
(1+ e−Mry)e
−M2 (r−ry)√
r
ry
r
− (1− e−Mry)e
−M2 (r−ry)√
r
]
VdΓ∞. (15)
Similar arguments as in Case 1 hold for r − ry →∞ and r − ry is bounded. However again near the y-axis, ry and r are
of the same order, i.e. ryr ≈ O(1). Thus, the integral in (15) takes the form limR→∞
√
M
4
√
pi
∫
Γ∞
e−
M
2 (r+ry)√
r VdΓ∞, which tends to
zero as R→∞ since V is bounded. Similarly, the last integral in (13) also drops.
Then, Eqs. (6) and (7) are valid only on the boundary Γx and will lead to the following matrix boundary integral equation
after the discretization of the boundary Γx into N constant boundary elements Γj,
− cA
{
VA
BA
}
+
[
H G
G H
]{
V
B
}
+
[
H1 G1
G1 H1
]
∂V
∂n
∂B
∂n
 =
{
0
0
}
. (16)
The entries of H , G, H1 and G1 become
hij = M4pi
∫
Γj
(
K0
(
Mr
2
)
sinh
(
Mry
2
)
ny + K1
(
Mr
2
)
cosh
(
Mry
2
)
∂r
∂n
)
dΓj
gij = M4pi
∫
Γj
(
K0
(
Mr
2
)
cosh
(
Mry
2
)
ny + K1
(
Mr
2
)
sinh
(
Mry
2
)
∂r
∂n
)
dΓj
h1 ij = 12pi
∫
Γj
K0
(
Mr
2
)
cosh
(
Mry
2
)
dΓj
g1ij = 12pi
∫
Γj
K0
(
Mr
2
)
sinh
(
Mry
2
)
dΓj
(17)
in which the subscripts i and j indicate the fixed node i and the jth element on the boundary Γx.
After the insertion of boundary conditions (2), the resulting linear system of equations is solved for the unknowns B and
∂V
∂n on the conducting boundary ΓC and
∂B
∂n and
∂V
∂n on the insulated boundary ΓI . Having found V , B,
∂V
∂n ,
∂B
∂n everywhere on
the boundary Γx, one can obtain the values of V and B at any point (sufficiently distant) on the upper half plane by taking
cA = 1 in Eq. (16). Now the distance r is measured from a boundary (field) point on Γx to an interior (source) point on the
plane y > 0.
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Fig. 1. Geometry of Problem 1.
4. Numerical results
4.1. Problem 1
The first example is a simpleMHD flowproblemon thehalf plane (y ≥ 0) defined by Eqs. (1)with the boundary conditions
V (x, 0) = 0 −∞ < x <∞
B(x, 0) = 1 0 ≤ x <∞
∂B
∂y
(x, 0) = 0 −∞ < x < 0
V → 0, B→ 0 as x→−∞∣∣∣∣∂V∂n
∣∣∣∣→ 0, ∣∣∣∣∂B∂n
∣∣∣∣→ 0 as x→ 0, y→∞
|V | <∞, |B| <∞ as x2 + y2 →∞∣∣∣∣∂V∂n
∣∣∣∣ <∞, ∣∣∣∣∂B∂n
∣∣∣∣ <∞ as x2 + y2 →∞.
Thewall y = 0 is partly insulated (x > 0) and partly perfectly conducting (x < 0) as shown in Fig. 1. An external circuit is
connected so that a current enters the fluid at the discontinuity point (0, 0) and leaves at infinity. The boundaryΓx = [−1, 1]
is discretized by using N = 20,N = 68 and N = 100 constant boundary elements for the calculations with the values of the
Hartmann numberM = 10,M = 300 andM = 700 respectively. It is observed that the higher the Hartmann number is, the
more the number of boundary elements is needed. The need of increase in the number of boundary elements, N , results in
showing the actions of the velocity and the induced magnetic field clearly near the insulated wall and in the narrow region
bounded by the parabola emanating from the origin. However, there is no certain relationship betweenM and the number
of boundary elements, N , in terms of order. The accuracy test is carried by drawing the graphs of V (xM/M0, yM/M0) and
B(xM/M0, yM/M0) in log–log scale at a fixed point, (x = .5, y = .5), in Fig. 2 as a function of dlM/M0, whereM0 is a fixed
Hartmann number value (e.g.M0 = 100) and dl is the length of the boundary elements used in the calculations withM0. The
Hartmann numberM is ranging between 10 and 250. As can be seen from this figure as dlM/M0 decreases the corresponding
V and B values are settled down. The same V and B values are drawn in log–log scale in Fig. 3 as a function of NdlM/M0.
This shows the accuracy of the solution with respect to the whole length used on the x-axis in the computations. There is
no need to take large interval on the x-axis to see the action.
Figs. 4, 5 and 7 show the velocity-induced magnetic field contours for Hartmann numbers M = 10, 300 and 700
respectively. In Fig. 6 the velocity and induced magnetic field contours are shown in detail forM = 300 in a narrow region
around the discontinuity point. The condition ∂B
∂n = 0 is clearly satisfied for x < 0 (conducting portion). As M increases
the boundary layer (Hartmann layer) formation starts taking place near the insulated wall (x > 0 and small values of y) for
both the velocity field and the induced magnetic field. There is a parabolic boundary layer emanating from the origin for
y > 0 again for both the velocity and the inducedmagnetic field. The thickness of the parabolic boundary layer is computed
and given in Section 5. In the figures the parabolas emanating from the discontinuity points are also drawn by dotted lines.
Also one can notice that an increase inM causes a stagnant region for the velocity field in front of the conducting boundary
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Fig. 2. Variation of V and Bwith the length of the boundary elements.
Fig. 3. Variation of V and Bwith the length of computational interval on Γx .
(y = 0, x < 0). There are hardly any current lines in front of the conducting boundary also asM is increased. The action takes
place inside of the parabola in front of the discontinuity point for both the velocity and the inducedmagnetic field. Since the
equal velocity and induced magnetic field contours are drawn on the finite part Γx of the x-axis with dimensionless length
2, the lines shown emanating from the end point x = 1 indicates that the flow acts just freely when x→∞. For x→ −∞
both V and B tend to zero.
4.2. Problem 2
The MHD flow on the upper half of an infinite plate for the case when the flow is driven by the current produced by an
electrode of length 2a, placed in themiddle of the plate, therefore conducting, is considered. Imposed electric currents enter
the fluid at x = ±a through external circuits and move up on the plane. The partial differential equations describing the
flow are the same as in Problem 1 with the boundary conditions (see Fig. 8)
V (x, 0) = 0 −∞ < x <∞
B(x, 0) = 1 a < x <∞
B(x, 0) = −1 −∞ < x < −a
∂B
∂y
(x, 0) = 0 −a < x < a
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Fig. 4. Velocity and induced magnetic field contours forM = 10, N = 20.
Fig. 5. Velocity and induced magnetic field contours forM = 300, N = 68.
Fig. 6. Details of Fig. 5.
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Fig. 7. Velocity and induced magnetic field contours forM = 700, N = 100.
Fig. 8. Geometry of Problem 2.∣∣∣∣∂V∂n
∣∣∣∣→ 0, ∣∣∣∣∂B∂n
∣∣∣∣→ 0 as x→±a, y→∞
|V | <∞, |B| <∞ as x2 + y2 →∞∣∣∣∣∂V∂n
∣∣∣∣ <∞, ∣∣∣∣∂B∂n
∣∣∣∣ <∞ as x2 + y2 →∞.
We present the equal velocity and induced magnetic field contours for a = 0.1, 0.3, and for Hartmann numbers 50 and
700 in Figs. 9–10 and 11–12, respectively again by taking dimensionless finite interval Γx = [−1, 1]. Although we need
more boundary elements for large values of the Hartmann number there is no relationship between the increase ofM and
the length of the conducting portion. As M increases boundary layers (Hartmann layers) are formed near the y = 0 line
for x > a and x < −a. It can also be seen from these figures that except for narrow regions near y = 0 and x = ±a,
the velocity is almost constant and equal to its minimum value. The behaviour of the induced magnetic field contours is
similar to that of velocity contours except for−a < x < a and for small values of y, because in this case the magnetic field
contours are perpendicular to the x-axis owing to the boundary condition ∂B
∂n = 0. From Fig. 10 we can see that induced
magnetic field contours are antisymmetric with respect to the y-axis reaching the values B = −1 and B = 1 on the parts
−∞ < x < −a and a < x < ∞, respectively. The velocity is also antisymmetric with respect to the y-axis. One can also
notice that an increase in the length of the conducting part a develops a stagnant region in front of the conducting wall for
both the velocity and induced magnetic field. There are again parabolic boundary layers (secondary layers shown by dotted
lines in Figs. 11 and 12) emanating from the discontinuity points x = ±a for both the velocity and induced magnetic field.
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Fig. 9. Velocity and induced magnetic field contours forM = 50, N = 28, a = 0.1.
Fig. 10. Velocity and induced magnetic field contours forM = 50, N = 28, a = 0.3.
5. The thickness of the parabolic boundary layer
It is known that there is a boundary layer (Hartmann layer) near the insulatedwalls which is perpendicular to the applied
magnetic field, Hunt [5], of order 1/M . Thus, on the portion of the x-axis where the walls are insulated we have Hartmann
layers of order 1/M and on the conducting portion the flow is almost stagnant and there are hardly any current lines. This
behaviour is depicted in Fig. 13, which gives the boundary layer thickness versus the Hartmann numberM compared with
the function 1/M .
The integrals can be approximated for large ry and small |rx| by using the property of Kν(z) ≈
√
pi
2
e−z√
z for large argument.
This case corresponds to the places on the x-axis where the conductivity is changing (discontinuity points) abruptly. Now,
the integrals in the entries hij, gij and h1ij, g
1
ij contain the products of Bessel and hyperbolic functions as∫
Γj
K0
(
Mr
2
)
sinh
(
Mry
2
)
dΓj,
∫
Γj
K0
(
Mr
2
)
cosh
(
Mry
2
)
dΓj
and∫
Γj
K1
(
Mr
2
)
sinh
(
Mry
2
)
∂r
∂n
dΓj,
∫
Γj
K1
(
Mr
2
)
cosh
(
Mry
2
)
∂r
∂n
dΓj
(18)
and integrations are on the boundary elements Γj, thus dΓj = dx.
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Fig. 11. Velocity and induced magnetic field contours forM = 700, N = 100, a = 0.1.
Fig. 12. Velocity and induced magnetic field contours forM = 700, N = 100, a = 0.3.
Fig. 13. Variation of the Hartmann boundary layer thickness.
Each integral in (18) can be approximated for ry  rx as
1± e−Mry
2
√
pi√
M
∫
Γj
e
−Mry
2 (
√
1+r2x /r2y−1)
(r2x + r2y )
1
4
dΓx = (1± e−Mry)
√
pi
2
√
M
∫ |x|
0
e
−Mr2x
4ry
√
ry
dΓx (19)
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Fig. 14. Variation of secondary layer thickness.
since we consider the boundary layer close to discontinuity points, i.e. in the regions |x| for small rx. With the change of
variable u = √Mrx/(2√ry), it can still be transformed to
pi
2M
(1± e−Mry)erf
(√
Mrx
2
√
ry
)
(20)
and with the help of the property of error function erf (x) for 0 ≤ x < ∞ (rational approximation) it can be written in the
form
pi
2M
(1± e−Mry)
[
1− a1
1+ pxe
−Mr2x4ry + · · ·
]
= pi
2M
(1± e−Mry)
[
1− a1
(
1− p
√
M|rx|
2
√
ry
· · ·
)
e−
Mr2x
4ry + · · ·
]
(21)
where a1 and p are positive constants.
Since rx and ry behave like x and y respectively, the thickness of the boundary layer which emanates from the points of
discontinuities of boundary conditions on the x-axis and lies on the upper half of the plane y > 0, is obtained as
|x| = 2
√
y√
M
. (22)
This result is also in accordancewith the thickness of the secondary layer on the boundary parallel to the appliedmagnetic
field mentioned in [5] which is of order 1/
√
M . It shows that this type of secondary layer also appears from the points of
discontinuity in boundary conditions. The graphs of |x| = 2
√
y√
M
are superimposed on the velocity andmagnetic field contours
in the figures. Fig. 14 also shows the variation of the thickness of the secondary layer (parabolic boundary layer) versus M
compared with the function 1/
√
M .
6. Conclusion
The MHD flow problems in an infinite region (y ≥ 0) have been solved with the boundary element method by using
a fundamental solution which treats the MHD equations directly in coupled form and with mixed boundary conditions. It
was also possible to obtain the solution for high values of the Hartmann number (M ≤ 700) with the fundamental solution
of coupled MHD equations. Computation of the parabolic boundary layer thickness in the regions where the conductivity
changes (small values of |x|) has been carried directly on the BEM integral formulations of the velocity and the induced
magnetic field. The parabolic boundary layer emanating from the point of discontinuities in the conductivity of the wall in
an infinite region is of O( 1√
M
) as in the case of secondary layers on the walls parallel to the applied magnetic field.
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